The subdifferential of a lower semicontinuous proper convex function on a Banach space is a maximal monotone operator, as well as a maximal cyclically monotone operator. This result was announced by the author in a previous paper, but the argument given there was incomplete; the result is proved here by a different method, which is simpler in the case of reflexive Banach spaces. At the same time, a new fact is established about the relationship between the subdifferential of a convex function and the subdifferential of its conjugate in the nonreflexive case.
Let E be a real Banach space with dual E*.
A proper convex function on E is a function f from E to (-00, + 00 J, not identically + (0, such that
f«l -J\,)x + J\,y)~(1 -J\,)f(x) + J\,f(y)
whenever x E E, y E E and 0 < J\, < 1. The subdiffereniiai of such a function f is the (generally multivalued) mapping of: E -> E* defined by of (x) = {x* E E* I f(y)~f(x) + <y -x, x*>, Vy E E} , where <., .> denotes the canonical pairing between E and E*.
A multivalued mapping T: E -> E* is said to be a monotone operator if
It is said to be a cyclically monotone operator if <xo -XI1 x~> + ... + <X"_l -x,,, x:_1> + <x" -xo, x;;>~0
It is called a maximal monotone operator (resp. maximal cyclically monotone operator) if, in addition, its graph
is not properly contained in the graph of any other monotone (resp. cyclically monotone) operator T':
This note is concerned with proving the following theorems. 
It is known that f* is a weak* lower semicontinuous (and hence strongly lower semicontinuous)
proper convex function on E*, and that
with equality if and only if x* E af(x) (see Moreau [3, § 6] ). The subdifferential af*, which is a multi valued mapping from E* to the bidual E**, can be compared with the subdifferential of from E to E*. when E is regarded in the canonical way as a weak** dense subspace of E** (the weak** topology being the weak topology induced on E** by E*). Facts about the relationship between af* and of will be used below in proving Theorems A and B.
In terms of the conjugate f** of f*. which is the weak** lower semi continuous proper convex function on E** defined by (2.3) f**(x**)
we have, as in (2.2), Moreover, the restriction of f** to E is f(see [3, § 6] The sufficiency of the condition is easy to prove. Given nets as described, we have
Then by the lower semicontinuity of f* and f** we have f**(x**)
{The last equality makes use of the boundedness of the norms II Xi II,
To prove the necessity of the condition, we demonstrate first that, given any x** E E**, there exists a bounded net {y. liE I} in E such that y. converges to x** in the weak** topology and (2.5) This completes the proof of Proposition 1. Proof of Theorem A. Theorem A has already been established by Minty [2) in the case of convex functions which, like i, are everywhere finite and continuous. Applying Minty's result to the function (f + j)*, we may conclude that a(f + })* is a maximal monotone operator from E* to E**.
We shall show this implies that of is a maximal monotone operator from E to E*.
Let T be a monotone operator from E to E* such that the graph of T includes the graph of af, i.e.,
We must show that equality necessarily holds III (3.2).
The mapping T + aj defined by
is a monotone operator from E to E*, since T and oj are, and by (3.1) and (3.2) we have
Let S be the multivalued mapping from E* to E** defined as follows: x** E S(x*) if and only if there exists a net {xi! i E I} in E* converging to x* in the strong topology, and a bounded net {Xi 1 i E I} in E (with the same partially ordered index set I) converging to x** in the weak** topology, such that
It is readily verified that S is a monotone operator. (The boundedness of the nets {Xi liE I} enters in here.) Moreover
by (3.3) and Proposition 1. Since a(f + j)* is a maximal monotone operator, equality must actually hold in (3.4) . This shows that one has X E a(f + JO)*(x*) whenever x E E and x E S(x*), hence in particular whenever x* E (T + aj)(x).
On the other hand, one always has
(This follows from applying (2.2) and (2.4) to f + j in place of f.) Thus one has
, implying by (3.3) and (3.1) that (3.5)
We shall show now from (3.5) that actually
so that of must be a maximal monotone operator as claimed. Suppose that x E E is such that the inclusion in (3.2) is proper. This will lead to a contradiction. Since af(x) is a weak" closed convex subset of E*, there must exist some point of T(x) which can be separated strictly from af(x) be a weak" closed hyperplane.
Thus, for a certain y E E, we have
inasmuch as oj(x) is a nonempty bounded set, and this inequality is incompatible with (3.5).
Proof of Theorem. B. Let g be a lower semi continuous proper convex function on E such that We consider first the case where f and g are everywhere finite and continuous.
Then, for each x E E, af(x) is a nonempty weak* compact set, and
is a nonempty weak* compact set, and
It follows from (3.6), (3.7) and (3.8) that
On the other hand, for any x E E and Y E E, we have
(see [6, § 24] ), so that by (3.9) we have
f(y) -f(x)~g(y) -g(x)
, v» E E, VyE E • Of course, the latter can hold only if g = f + const.
In the general case, we observe from (3.6 The preceding proofs become much simpler if E is rethen af* and a(f + j)* are just the "inverses" of of respectively, and Proposition 1 is superfluous. In this be replaced by the inverse of T + oj in the proof of
